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ON THE HALPHEN TRANSFORM OF ALGEBRAIC SPACE CURVES 


ALFREDERIC JOSSE AND FRANQOISE PENE 


Abstract. The Halphen transform of a plane curve is the curve obtained by intersecting the 
tangent lines of the curve with the corresponding polar lines with respect to some conic. This 
transform has been introduced by Halphen as a branch desingularization method in [4] and has 
also been studied in mm- We extend this notion to Halphen transform of a space curve and 
study several of its properties (birationality, degree, rank, class, desingularization). 


1. Introduction 

In [1], Halphen studied plane curve transformations based on a simple geometric construction. 
Given a plane curve C, choosing a conic JC in the same plane, every nonsingular point m of C is 
mapped on the intersection of the tangent line TmC to C at m with the polar of m with respect 
to JC. The Halphen transform of C with respect to 1C is the Zariski closure of the image of C by 
this transformation. It is clear that this transformation separates branches at any multiple point 
of C with distinct tangents. Even more, in [1], Halphen shew namely that iterations of these 
transformations provide a branch desingularization process. In [T], Coolidge mentionned some 
properties of Halphen transforms. Further properties of these transforms have been carefully 
studied by Josse in [3- 

In the present work, we extend the construction of Halphen transforms to curves of the three 
dimensional complex projective space We show that these transformations can be used for 
desingularization. We study the birationality of the Halphen transformation. We establish also 
formulas for the degree, the rank and the class of Halphen transforms. The study of these space 
Halphen transforms is much more complicated than the original one for several reasons: these 
transforms don’t act on a hypersurface, all space curves are not complete intersection of two 
hypersurfaces, the local parametrization of their branches is more complicated than for space 
curves (for which it is simply given by a single Puiseux expansion [Sj |Tl]), etc. 

Let := P(W) where W is a four dimensional complex vector space. Let C be an algebraic 
curve of P^ and Q be an irreducible quadric of P^. For m G C, we write <I>c^Q(m) for the 
intersection point of the tangent line TmC with the polar plane 5mQ oi Q with respect to m G C 
(when this point is well defined). The Halphen transform of C with respect to Q is the 
Zariski closure of the image of C by <I*c,Q- As for plane curves, by definition, this transformation 
separates branches of nodes of C. Recall that the degree of C corresponds to the number of 
intersection points of C with a generic plane of P^, that its rank corresponds to the number of 
its tangent lines intersecting a generic line of P^ and that its class is the number of its osculating 
planes passing through a generic point of P^. We also write g{C) for the (geometric) genus of C. 

Theorem 1 (Numerical characters of Halphen transform). Let C be an irreducible curve. 

For a generic for a generic quadric Q C P^, the Halphen map ^c,Q Is birational, so the Halphen 
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transform preserves the genus, i.e. 

<)(£«) = 9(C)- (1) 

Moreover, for a generic quadric Q C the degree, the rank and the class of are given by 
the following formulas 

degC® = degC + rankC , ( 2 ) 

rankC® = 2(degC + rankC + g{C) — 1) — ko{C^) (3) 

and 

classC® = 3 degC + 3 rankC + 6 g{C) — 6 — 2 ko{C^) — ki{C^) , (4) 

where ki{C^) is the i-th stationary index of . 

Let us indicate that ([3]) and (H)) follow directly from ([T]) and ([3|) thanks to formulas established 
by Piene in |9] and recalled in Section [ 6 .II Let us precise that A:o(C) corresponds to the number 
of cusps of C (with their multiplicities) and that ki{C) corresponds to the number of inflection 
points of C (with their multiplicities). The precise definitions of these quantities are recalled in 
Section 16.11 

Remark 2. Let C he an irreducible algebraic curve o/P^. 

Provosition\15\ below gives the type of the branch ofC^ for any type of branch B of C 

for a generic quadric Q C P^. This precise result has several consequences. 

First, it enables the computation of the indices ko{C^) and /ci(C®) for a generic quadric 
Q C P^; given the type of the singular branches and of the smooth inflectional branches ofC. 

Second, it ensures that the Halphen transform (for a generic quadric Q) decreases the order 
of contact of non singular inflectional branches of C with their tangent lines and that, except in 
very special cases, it also decreases the singularities of the singular branches of C (see Corollary 

In Section [2l we recall some facts on tangent curves, polar surfaces, rank and tangent devel¬ 
opable. In Section [3l we detail the construction of the Halphen transform of a space curve. In 
Sectional we prove the degree formula. In Section [5l we see that the Halphen transform can be 
used as a branch desingularization method. In Section |U] we prove the rank and class formulas 
and illustrate them on examples. In Section [71 we prove the birationality of the Halphen map 
^C,Q for a generic quadric Q. 

2. Recalls on tangency and rank 

Let us recall that the tangent plane TmS to an algebraic surface S = V(x) C P^ (with 
X £ SymflN^) at a nonsingulaiQ point m of 5 is the plane TmS = H(dx(m)) C P^, where 
m G W \ {0} is a representant of m G P^ and where (ix(m) G is the differential of x at m. 

Analogously, given an algebraic curve C = ni=i Si, where Si = H(x^*^) C P^ are surfaces (with 
/ > 2 and x^*^ G the tangent line TmC to C at a nonsingulai 0 point m of C is the 

line TmC = nLi V{dx^hm)) C P^. 

In practice, we will use projective coordinates (by fixing a vector basis ( 61 , 62 , 63 , 64 ) of W). 
We represent each point m of P^ by its coordinates \x \ y : z t\ and we write m = {x,y, z,t) G 
W \ {0}. In coordinates, we identify x G Sym^W'^ with an homogeneous polynomial F G 
C[x,y, z,t] of degree d and we write as usual Fx, Fy, F^ and Ft for its partial derivatives. 


^nonsingular means here that dx{m) G W'^ is non null. 

^nonsingular means here that Yect{dx^^\rn),dx^^'^){rn)) C has dimension 2. 
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We also identify dx(m) with the gradient V-F(m) = [i^ 3 ;(m) : Fy{m) : Fz{ni) : i^t(m)]. Let 
'H°° := V{t) be the plane at infinity. 


2.1. Tangent curve. We write G(l,3) for the set of projective lines of As usual we write 
TC C G(l,3) for the tangent curve of C, that is the Zariski closure of the set of tangent lines 
to C (see for example El p. 188]). We recall that G(l,3) is embedded in via the Pliicker 
embedding. 


Up to a linear change of variables, we assume that C T-L°°. If C is contained in a curve 
Cl = V{F, G) C P^ with F,G £ C[x, y, z,t] homogeneous. Then, for any m G C\(Sing(Ci)U^°°), 
the tangent line 7^C = TmCi is the line of P^ passing through the points m and too,Ci(^) ^ 
where too,Ci i® the point of P^ with coordinates 


too, Cl (m) 


/ Fy(m)G^(m) - F^(m)Gj^(m) \ 
F2(m)G2;(m) — Fa;(m)G^(m) 
Fa;{ni)Gy{ui) - Fj^(ni)G 3 ;(m) 

V 0 


2 

Via the Pliicker embedding [3], TmC is identified with \c-^{m) with Aci : P^ —P(/\ W) = P^ 
given on coordinates by0 

Aci(m) = [/\(m too,Ci(ni)) j e C® 


and so TC is identified to Aci(C). Due to the Euler Formula applied to F and G, on C, we have 


/ F,Gt-G,Ft \ 
FtGy - FyGt 
FyG, - F,Gy 
F^Gt - G^Ft 
FzGx — FxGz 
\ FxGy — FyGx ) 


( 5 ) 


2.2. Dual tangent curve. We write G(1,P(W^)) for the set of projective lines of P(W^). 
We consider the duality between G(l,3) and G(1,P(W^)) which, to T G G(l,3), associates 
C* = {ip £ P(W^) : £ C U((/9) C P^}. It is then natural to consider the dual tangent 

curve (TC)* = {£* : £ £ TC} C G(1,P(W^)). Observe that (TC)* is the Zariski closure of 
{{TmC)*, m £ C \ Sing(C)} and that {TmC)* corresponds to the set of projective planes of P^ 
containing TmC- Via the Pliicker embedding, (TC)* is identified with the Zariski closure of the 

2 

image of C by the rational map dci '■ IF’(A W^) = P® given on coordinates by 

2 

'dci (m) = /\(VF(m) VG(m)) G C®. 

Comparing 'dci with ([5]), we conclude that TC and (TC)* are identified via Pliicker embeddings 
up to a linear change of coordinates. In particular, their images via Pliicker embeddings in P® 
have same degree. This explains why TC and (TC)* are often considered as the same object. 


^we recall that where, in coordinates, f\{'^ v) 


/ UlV2 — U2V1 \ 
U 1 II 3 — UiVl 
U1V4 — UiVl 
U2V3 — U3V2 
U2V4, — U4V2 
\ U3V4, — M4W3 / 


G C® for any u, v G W. 
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2.3. Polar surface. We call polar surface from /3 G 


Aw^ 


= C® of the complete inter¬ 


section curve Cl the surface V {13 o r9ci) C P^. This extends to the three dimensional case the 
notion of polar curves of plane projective curves. 


Lemma 3. Let m be a non singular point of Ci. Let i d he a projective line containing 
a, 6 G P^ (with a f^b), then TmC intersects the line i if and only if 


^/\(VF(m) VG(m)),/\(a 6)^=0 


in coordinates^ 


( 6 ) 


Proof. The fact that TAC intersects the line £ is equivalent to the existence of {u, v) G \ (0,0) 
such that (VF(m), tt a-|-6u) = 0 and (VG(m), tt a-|-6u) = 0, i-e. det 
0 , which leads to dH]). □ 

Observe that the set of m G P^ satisfying ([6]) corresponds to the polar surfaces from f3 corre¬ 
sponding to the Pliicker embedding of i. 


( (VF(m),a) (VF(m),6) \ 

V (VG(m),a) (VG(m),6) ) 


2.4. Link with the rank. The rank of C is usually described as the degree of the tangent 
developable surface of C, i.e. the Zariski closure of the union of the tangent curves of C. We 
have also the following interpretation of the rank of C in terms of the tangent curve. 

Lemma 4. The rank of C corresponds to the degree in P^ of the Pliicker embedding o/TC. 

Proof. We work with coordinates. Recall that the image by the Pliicker embedding of G(l,3) or 
G(1,P(W^)) is /C = V{xix^ — X 2 Xf, + x^x^) C P^ if we write [xi : ... : xe] for the coordinates 
of a point of P®. Due to Lemma [3] (and the remark following this lemma), it is enough to prove 
that for a generic A = [og : —ag : 04 : 03 : —02 : ai] G /C, the hyperplane PL a = ')) C P^ 

intersects C ;= dciiC) C P^ transversally. Indeed, due to the Bezout theorem, this will imply 
that 

#{iA n C) = #{Ha n = deg 

where £a is the projective line of P^ corresponding to A d JC via Pliicker embedding. 

Observe that this is not obvious since the hyperplane PLa with A d 1C corresponds to the 
tangent hyperplane to JC at [oi : 02 ■ a^ : 04 : : og] and so these hyperplanes are very 

particular. 

We assume that PLa CiC d iiciiC)- This is true for a generic A d 1C since the set of projective 
hyperplanes intersecting the hnite set of points C \ ilciiC) has codimension 2 in the projective 
space of projective hyperplanes of P^. 

Now let us prove that PLa intersects C transversally in the open set {x* A 0} for every i = 
1,..., 6 . Take for example i = 6 and assume ag A 0- We set ag = 1 to simplify. In the chart xg = 1, 
C = 4>(C®) and PLaC^IC = where 4 >(x 2 , X3,X4, xg) = [X2X5 -X3X4 : X3 : X4 : xg], 

where d corresponds to the image of C by the projection [xi : X 2 : X 3 : X 4 : xg : 1] i-A 
(x 2 , X 3 , X 4 , Xg) and where 

^(aLa3,a4,a5) = ^ ((^2 “ a2){x5 - Og) - (X3 - a3)(x4 - 04 )) C CA 


^with the classical notation {A,B) = X]i=i for any A = (ai,..., ag) and B = (&i,..., bg) in C®. 
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Indeed I-La^K. = V (xi — 052:2 + 0-4X3 +03X4 — 02X5 + 01X5, x^xg — X2X3 +X4X5) and so = 

^{T-6^) with 

"H® = V{a5X2 - 04X3 - 03X4 + 02X5 - ai — (X2X3 - X4X5) C C^, 
but this corresponds exactly to (since oi = 0205 — 0304). Now noticing that is 

a curve of and that = ( 02 , 03 , 04 , 05 ) + g We conclude that, for a generic 

A £ /C, and . have transverse intersection and so C and T-La have also transverse 

intersection outside V{xq) (since the differential D<I>(x 2 , X3,X4,X5) is injective). □ 


3. HALPHEN TRANSFORM 


3.1. Definition. We recall that the polar (imi(Q) of an irreducible quadric Q = V{Q) C 
with respect to a point mi £ is the projective plane I^(AiniQ) C P^, with the usual notation 
AmiQ = xiQx + yiQy + ziQz + tiQt if mi = (xi,yi,zi,ti) £ W. Observe that, given Q as 
above, for a generic mi £ P^, 5mi(Q) is the projective plane passing through the points of Q at 
which the tangent plane to Q contains mi. 

Definition 5. Let Q = V(Q) C P^ be an irreducible quadric and C C be an irreducible 
curve. The Halphen transform C® of C with respect to Q is the Zariski closure of the set of 
intersection points <I>c,Q(m) of the tangent line TmC to C at m with the polar 5mQ of Q with 
respect to m, when m varies on C. 


With this definition, $c^g(m) is the unique conjugated point of m, with respect to Q, belonging 
to TmC- Let Cl = V{F,G) C P^ be a complete intersection curve containing C, we extend the 
definition of ^c,Q into a rational map ^C 4 ,Q • P^ P^ given by 


^Ci,q[x -.y.z-.t] 


■ 3 

/\{VF{x,y,z,t) VG{x,y,z,t) VQ{x,y,z,t)) , 


( 7 ) 


3 

with the classical notation /\ M for any matrix M £ Mat 4 x 3 {C) given by 


Am 


/ -detML) \ 

det 
- det 

\ det / 


£C^ 


where M^) jg the 3x3 matrix obtained from the matrix M by deleting the i-th line. 


Remark 6. The points m & C for which the right hand side of © is not well defined are the 
singular points of Ci contained in C and the points m G C H Q such that TmC C TmQ- 


3.2. Halphen transform of rational curves. It will be useful to consider the symmetric 
bilinear form bQ(-, •) on W associated to Q{-) and given on coordinates by bQ(mi, m 2 ) = [Q(mi + 
m 2 ) - Q(mi - m2)]/4. 

As <I'c,Q(m) is in TmCi, <I>c,q("i) = [a'm + 6-too,Ci(m)] for some [a : b] G P^(C). Now the fact 
that d'c,Q(m) is in (5mQ means that bQ(m, $c,s(m)) = 0, i.e. that a bQ(m)+6 bQ(m, too,Ci(m)) = 
0 , hence we have proved the following remark. 

Remark 7. If C is contained in a curve Ci = V{F,G) C P^ and if m G C \ (Sing(Ci) U 11°°), 
then 

= [^’Q(m,too,Ci(m)) • m - Q(m) • too,Ci(m)]. 
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In particular, if u i-A [a(u)] is a local parametrization of C around a generic mo S C, then a 
local parametrization of C® around d’c,s("io) is given by 

d'c.Q : u i-A <I)c,Q(a;(u)) = [bQ{a{u), a'{u)) ■ a{u) - Q{a{u)) ■ a'{u)]. ( 8 ) 

Observe that Halphen transforms are preserved by linear isomorphisms. It is also worth noticing 
that the only fixed points of ($c,s)|c ™ C O Q. 


4. Degree of the Halphen transform 

4.1. Proof of the degree formula of Theorem [H The following result will be proved in 
Section [71 

Proposition 8. LetC be an irreducible curve ofF^. Then, for a generic Q, the map (^c,q)|c *■5 
birational. 


As a consequence we obtain the following generic result. 

Corollary 9. If C = V{F,G) is an irreducible and smooth algebraic curve of F^, then for a 
generic quadric Q, degC® = degF x degG x (degF + degG — 1). 

We will write im(-I^, for the intersection number of a curve ^ C and a surface B C F^ 
at m. Theorem [1] is a consequence of the following result involving some polar sufaces [2]. 

Proposition 10. LetC be an algebraic curve ofF^ contained in a curve Ci which is the complete 
intersection V{F, G) of two algebraic surfaces. Assume that C is irreducible. Then, for a generic 
quadric Q, the degree of the Halphen transform of C with respect to Q is given by 

degC® = degC X (degF + degG-1) - ^ im(C,Vci,B), (9) 

mSCnSingCi 

for a generic B G where SingCi is the set of singular points of Ci and where Fci,b is the 

2 

polar surface of Ci given by 'Pci,b ■= H(A(VF VG)). 


Proof. We use the following classical degree formula (valid for a generic quadric Q and a generic 
A G (CY)- 

degC® = degC x (degF + deg G - 1) - ^ im(C,Vc,Q,A), (10) 

m&S 

where E is the set of m G C for which A^(VF(m) VG(m) V(5(m)) = 0 and where Vc,Q,A is the 
Halphen polar surface given by Vc,q,a ■= V 

Observe that, due to Remark [6l for a generic quadric Q, £ = C Ci SingCi. 

Let m G C n SingCi. Let us prove that for generic Q, A and B, we have the equality 
im{C,'Pc,Q,A) = im{C,Vci,B)- Without loss of generality we assume that m[0 : 0 : 0 : 1]. Let B 
be a branch of C at m parametrized by some a = with = 1 of the 

form f|14p . For a generic quadric Q and a generic A G (P^)'^, we have 


im{B,'Pc,Q,A) 


min min 

iJ,kG{x,y,z,t} pairwise distinct 



(a« X [FjGk - FfcG,] o a) , 


val X [FiGk - F^Gi] o a - x [F^G,- - F.Gk] o «)) . 
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Observe first that 


min val{{FjGk - FkGj) o a) < im{B, 'Pc,q,a)- 

j,kG{x,y,z,t} pairwise distinct 

Let us prove that this inequality is indeed an equality. Since = 1 , we observe that 
ira{B,Ve,Q,A) < ^ min \a\{{FjGk - FkGj) o a). 

j,k£{x,y^z\ pairwise distinct 

Now, if val((FtG^ - F^Gt) o a) < mmj^ke{x,y,z} pairwise distinct ^^Ki^jGk - FkGj) o a), then 
val X [FtGi - F^Gt] oa- x [F^Gj - FjGi] o aj = Yal{{FtGi - F^Gt) o a), 
for any j G {x, y, z} \ {£}. Hence 

im{ 13 ,Vc,Q,A) = min Yal{{FjGk - FkGj) o a) 

j,k£{x,y,zd} pairwise distinct 

= im{B,Vci^B), 

for a generic B G (C®)^. This ends the proof of Theorem fTOl 


□ 


A(VF(m) VG(m)) 


Recall that degps TC = deg i?Ci (C) with —)• given by r?Ci (m) = 

C®. Since {^Ci)\c is birational, we also have 

rankC = deg-dci(C) = degC (degF + degG - 2 ) - ^ im{C,Vci,B), (H) 

mSCnSingCi 

for a generic B G 


Proof of TheoremUl We combine Q and (fTTI) . 


□ 


4.2. Examples. 

Example 11. Consider the Viviani curve V = V — xf + in P^. In this 
case Cl = C and (Hip becomes rankV = 8 — ip(y,V\;^B) with P[1 : 0 : 0 ; 1]. Observe that P is a 
singular point ofV of multiplicity 2. The tangent cone ofV at P is V{y‘^ — z‘^,x — t). Moreover 
the tangent plane to Pv,R at P is V (( 6 i — h^)y + (62 + bQ)z). Hence Vv,B is always transverse to 
V at P and ip{V,V v,b) = 2 (for a generic B G So rankV = 6 and deg V® = 4 + 6 = 10, 

for a generic quadric Q. 

Example 12. For the twisted cubic curve K, = V{y‘^ — zx,yz — xt,yt — z'^) C Ci = V{y‘^ — zx,yz — 
xt) in P^ considered in Example\14\ HID becomes rankC = 6 — ip{}C,Vic,B), with P[0 : 0 : 0 : 1]. 
Recall that Ci = CU 1C where £ = R(x, y) in P^. Observe that P is a non singular point of IC with 
tangent line £ and with osculating plane V{x). The tangent plane to Pci,B M P is V{2biy — b 2 x) 
which is tangent but generically not osculating to JC at P. Hence ip{JC,'Pci,B) = 2 (for a generic 
B G We obtain rank/C = 4 and deg/C® = 3 + 4 = 7, for a generic quadric Q. 


4.3. Rational curves. Consider a rational curve parametrized by a morphism 7 : P^ —)■ P^. 
Due to dS]), C® is the image of the rational map if : P^ --■> P^ given by 'ifc,Q •= \bQ{l:lu) ' 7 ~ 
^q( 7)7) ■ 7'!i]- Using twice the Euler formula for 7 , we obtain that 

V’C.Q = [f’Q(7,7«) • Iv - ^>^(7,7^;) • lu]- (12) 


Moreover, via the Pliicker embedding, TC corresponds to the Zariski closure of the image of 

[2 1 [2 I 


the morphism r; : P^ —>■ P^ defined on coordinates by r/ := 


A (7 lu) 


Mlu Iv) 


(since 


7 = U'^u + l' 7 „). Hence we have proved the following result. 
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Proposition 13. For a generic space rational curve C of degree d, rankC = 2d — 2 and, for a 
generic quadric Q, the degree of is 3d — 2. 

This is true for any smooth rational curve image of some morphism 7 ; —)• such that the 

2 

coordinates of 7v) have no common prime factor. 

Example 14. For a generic quadric Q, the Halphen transform of the twisted cubic curve JC 
(image of the morphism 7 : P^ —P^ given in coordinates by 'y{u,v) = {u^,u‘^v,uv‘^,v^)) has 
degree 7. Moreover rank/C = 4 (as already obtained in Examvle WA) . 


5. Branch desingularization 


5.1. General case. Consider a branch B of type {e,r,s) of C at mo. Up to a linear change of 
variables, we assume that mo[0 : 0 : 0 : 1] and that a parametrization of B is given by 


a : 


^ OnU^ '■ ^ bkU^ : ^ C£U^ : 1 

n>0 k>0 e>o 


(13) 


with 0 < e < r < s and ao = bo = cq = 1- Observe that the components of a are in C[[m]]. We 
then define 


no := inf{n >1 : 7^ 0}, ko := infjfe >1 : b^ ^ 0 } and £0 ■= inf{£ >1 : cgf^ 0}. 

We assume (without loss of generality) that no r and that ko s. 

The following proposition determines the type of the branch ^c,q{13) for every branch B oi C 
and for a generic quadric Q of P^. 

Proposition 15. LetC be a curve o/P^. Let B be a branch of type (e, r, s) ofC with parametriza¬ 
tion (fT^ . 

If r 2e and s 7 ^ 2e, then for a generic quadric Q, Is a branch of type (a,b,c) with 

{a, b, c} = {e,r — e, s — e}. 

If r = 2e and if s min(val(Q!f — 02 ) 536 ), then for a generic quadric Q, ^c,q(^) cl branch 
of type (a, b, c) with {a, b, c} = {e, min(2e, val(af — 02) — e),s — e}. 

If r = 2e and if s = val(a;^ — 02) < 3 e, then for a generic quadric Q, 4>c^q(B) is a branch of 
type (e,s - e, min(2e, val(af - 02 - 7«3) - e)), with 7 := Y^l^o^kds-k - bs- 

If r = 2e and if s = 3e < val(af — 02 )? then for a generic quadric Q, ^c,q(^) a branch of 
type (e, 2e, min(3e, val(af — 02 — 703 ) — e, val(aia 2 — 203 ) — e, val(a(^a !2 — 2 o! 20 i + 0 ^ 3 ) ~ e + 1)). 

If s = 2e, then for a generic quadric Q, ^c,Qi^3) is a branch of type (r — e, e, min(val(a3 — 
03) - e,2e)). 

Corollary 16 (Singularity and inflexion decrease). We observe that for a generic quadric Q, 
^C,Q transforms a branch B of type (e, r, s) in a branch of type [el, r', s') with e' < e, r' < r and 
s' < s and that (e', r', s') 7 ^ (e, r, s) except if r = 2e and s = 3e and 

4 e = val(aia2 — 203) = va^o^ — 02 — 7«3) = val(Q!^a2 — 2a2«i + 03) + 1 . 


In particular, ifB is an inflectional nonsingular branch ofC of type (1, r, s), then, for a generic 
quadric Q C P^, the type of ^c,q{^) is (l,r — l,s — 1) (due to the first case in Provosition \15\) . 


Proof of Provosition\15[ Let us write 01 , 02 , 03 , 04 (resp. ' 4 >i,ip 2 ,' 4 > 3 ,'f 4 ) for the four coordinates 
of o given by (1131) (resp. of T given by ([ 8 ])). Recall that Q{m) = 'm ■ M ■ m for some symmetric 
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matrix M = We assume that 1714^4 = 1 and mi^4m2,4m3^4 7^ 0. With these notations 

we have 

V^io iu) = Aj (u) [a'j (u) ai^ {u) - Oj (n) (u)], 

with Aj(u) := Up to a change of variable, a parametrization of ^c,q{^) is given 

by [01 : 02 ■■ Os : 6^ with 0i := mi,41/^1 + '04 + m2,A'^2 + ”^3,403, ^2 := 02, ^3 := 03 and 04 := 04. 

We have 

01 = Bi 4 «! + i?2,4 0^2 + -^3,4 <^3 + B 2 ^l{o' 20 'i — a2ai) + Bs^l{o'sai — asCXi) + i?3,2(0302 ~ 0302), 

with Bij := mj^4Ai—mi^4Aj. Observe that vali^jj = valai = e and so val0i = 2e —1. Moreover 
val02 = r — 1, val03 = s — 1 and val04 = e — 1. Observe that Then val(0i) = val(02) = 2e — 1 
and 

01 (n) = (mi,i - mi 4)aiQ!'i + (e + r)(mi,2 - mi,4m2,4)^t'’’'’®“^ + hi{u), 

02(n) = -02(n) + mi,4(e - + /i2(n), 

03 (n) = -a's{u) + mi,4(e - 2s)u^^^~^ + hs{u), 
with val hi, val /i2 > r + e — 1 and val hs > s + e — 1. 


• If e, r — e and s — e are pairwise distinct, $c,Q(i3) is a branch of type (a,b,c) with 
{a, b, c} = {e,r — e, s — e} and a < b < c. 

• Assume now that r = 2e, i.e. e = r — e<s — e and 

01 (m) := - - —^ 0 i(n) + 02 (M) 

mi,i - mf 4 


mi ,2 


= (af - 02)'(n) + 6e „ 

mi,i - mf 4 

with val h > 3 e — 1 and 


mi4m2,4 3e-l , , / 1 

’ ’ + h{u) 


vi := val(20i + (mi,i — mf, 4 ) 02 ) = min(val(af — O 2)0 3e — 1). 

— If ui 7 ^ s — 1, we conclude that <I>c,Q(i3) is a branch of type (a, b, c) with {a, b, c} = 
{e, ui — e + 1 , s — e} and a < b < c. 

— If ui = s — 1 < 3e — 1, then 

V 2 ■= val(0i + 703 ) = min(val(ai — 02 — 703 ) — 1, 3e — 1) > s — 1 

(since e + s—1 > 3e — 1). We conclude that ^c,q{B) is a branch of type (e, s — 
e, min( 2 e, V 2 — e-\- 1 )). 

— If ui = s — 1 = 3e — 1, then val 0i = val 03 = 3e — 1 > val 02 = 2e — 1 and 


02 ■■ = 


val 02 


01 + 


mi,2-mi4m2,4 , 

2 -2-^ 7 - mi ,4 

mi,i - mf 4 


/ 2 \/ 2 — 4^2 4// / /\ // / / \ 

(ai - a2 - 703) + 2—:-^-2—^(aia2 + oiaa - 03) + mi,4(aia2 - 2aia2 + 03) 

mi,i - mf 4 


+ 


^mi,4mi,2 - mi,im2,4 

mi,i - mf 4 

^ 0 ^1,3 - mi,4m3,4 

mi,i - mf 4 


- mi,i 


ai(a20i — a20i) + 


„ m2,2 - m2,4 
2 - 7 -m2,4 

mi,i - mf 4 


Oi20L2 


{asa'i — aia's) + h{u), 


with val h > 4 e. Hence 

= min(val(af — a2 — 703) — 1, val(aia2 — 2 q; 3) — l,val(afa2 — 2a20i + a3),4e — 1). 
We conclude that ‘I>c,g(H) is a branch of type (e, 2 e, val 02 — e + 1 ). 
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• Assume that r — e<s — e = e. Then val 02 = r — 1 < val^i = val^s = 2e — 1. We 
already now that the type of starts with r — e. As above, we observe that 

t >3 := val(26'i + (mpi - m-i 4 ) 03 ) 

= min(val(a 4 — a^)', 3e — 1) > 2e — 1 

and we conclude that is a branch of type [r — — e + 1 ). 

This ends the proof of Proposition [TSl □ 


5 . 2 . Desingularization via iteration of Halphen maps. Recall that a branch is smooth if it 
has type (1, 2 , 3). Observe that, by generic Halphen transforms, a curve of type (e, r = e + 1, s ) 
with 1 7 ^ e < r < s becomes a curve of type ( 1 , e, si) with si < min(s, 2e) (si = s — e if s 7 ^ 2e). 
Moreover, a curve of type (1, e, si) becomes a curve of type (1, 2 , si — e + 2 ) in (e — 2 ) steps and 
a curve of type (1, 2 , si — e + 2 ) becomes a curve of type (1, 2 , 3) in (si — e — 1) steps. Hence it 
is desingularized in at most si + 1 steps. 

Some desingularizations by generic Halphen transforms are summarized in the following scheme 
on which each arrow corresponds to the Halphen transform for a generic quadric Q of P^: 


(4,5,11) 

(1,4,7) 

(1,3,6) 

(1,2,5) 

(4,5,10) 

(1,4,6) 

(1,3,5) 

(4,5,6) 

(4,5,7) 

(1,2,5) 

(2,3,4) 

(4,5,9) 

\ 

\ 







(1,2,4) 

\ 

(1,2,3) 

(1,2,4) or (1,2,3) 

(1,3,4) (3,4,5) 


6. Rank and class of the Halphen transform 


6.1. Proof of the formulas of Theorem [H Let C be a non-planar irreducible curve of P^. 
To understand Piene’s formula for the rank of C, let us recall the notion of type of a branch B 
at mo G C. We say that the branch B has type (e,r,s) if, up to a linear change of coordinates, 
mo[0 : 0 : 0 : 1] and B is parametrized by 


a : tt i-A 


rt® ^ anU^ ■ ^ bkU^ : ^ ciu^ : 1 

n>0 fe>o £>o 


(14) 


with 0 < e < r < s and oq = 60 = cq = 1. Recall that e is the multiplicity of B and that s is the 
intersection multiplicity of B with its osculating plane. Then the two first stationnary indices of 
B are given by the following formulas 


kQ{B) = e — 1 and ki{B) = r — e — 1. 

Observe that, if B is smooth and ordinary (since in this case B has type (1,2,3)), then ko{B) = 
ki{B) = 0. 

The stationnary indices ki{C) is the sum of the ki{B) over the set of branches B of C. The 
0 -th stationnary index ko{C) corresponds to the number of cusps of C (computed with their 
multiplicities). The first stationnary index ki{C) corresponds to the number of (possibly singular) 
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inflection points of C (computed with their multiplicities). In [9l Example (3.2)] (see also [101 
Section 2]), Piene established the following formulas for the rank and the class of C : 

rankC = 2 [degC + g{C) — 1] — ^o(C)) (15) 

classC = 3 [degC + 2g{C) — 2] — 2 kQ{C) — ki{C). (16) 

Let Q be a generic quadric of such that ^c,Q is birational and such that degC® = degC + 
rankC. Then g{C^) = g{C) and so, using Piene’s formulas f]15li and m, we obtain 

rankC® = 2 [degC® + ^(C®) — l] —/co(C®) 

= 2 [degC + rankC + g(C) — 1] — ko(C^) 

and 

classC® = 3 [degC® + 2g{C^) — 2] — 2ko{C^) — ki{C^) 

= 3 [degC + rankC + 2g{C) — 2] — 2 k^iC^) — fci(C®). 

Now we can use Proposition [TS] to compute ko{C^) and ki{C^). 


6.2. Application to examples. 

Example 17 (Halphen transform of a rational sextic). Consider the sextic curve C = V{zt^ — 
— xyt — y‘^t, zt — xy + y^) C intersection of a non singular cubic K, with a tangential sphere 
S. Then 

degC = 6 , g{C) = 0, rank(C) = 7, class C = 6 

and 

degC® = 13, g{C^) = 0, rank(C®) = 24, classC® = 32. 


Proof. This curve is the image of the map 7 : P^ —>• P^ given by 
7 ([s : t]) = 




^th - -t^ 
2 2 


Hence 

degC = 6 and g{C) = 0. 

The curve C has exactly two singular points Pi[0 : 0 : 0 : 1] and ^ 2(6 : 0 : 1 : 0] and no 
nonsingular inflection points. The curve C admits a single branch Bi at Pi parametrized by 
Q;i^i(t) = 7([1 : t]). This branch has type (2,3,5). Hence ko{Bi) = 1 and ki{Bi) = 0. Moreover, 
due to Proposition [TS] for a generic quadric Q C P^, the type of q(^i) is (1)2,3) and so 
ko(^c,a(^i)) = ki(<PcM)) = 0. 

Analogously C admits a single branch B 2 at P 2 parametrized by a^^^(s) = 7 ([s : Ij) which can 
be rewritten 

= 

and so 


II 

1 

to 

M 

\/2sy : V2s^^ 

/— \ ^ (7 V-^ / /— \ ^ 

V2sj :l:-2/^(V2sj 


n>0 

n>0 

n>0 


Up to a linear change of variable can be replaced by the following fitting the assumptions 
of our Proposition [T5| : 


V2 


1- V^s ' l-^/2i 


-s^:l: 


-2s^ 


1 - V^s 
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In particular B 2 has type (3,4, 6 ). So ko{B 2 ) = 2 and ki{B 2 ) = 0. We observe that we are in the 
case of a branch of type (e, r, s) = (3,4,6) with s = 3e and that — a 3 ^^(s) = y/2s^ + ... 

so val = 7 < 9 = 3e. Therefore, due to Proposition fT5l ^c,q{^ 2 ) has type 

(1,3,7) for a generic quadric Q C In particular kQ{^c,Q{^ 2 )) = 0 and ki{^c,Q{IS 2 )) = 1- 
Hence koiC) = ko{Bi) + ^ 0 (^ 2 ) = 3, fei(C) = A:i(Hi) + ki(B 2 ) = 0, koiC^) = ko(<^c,Q{J3i)) + 
^o(‘hc,Q(H 2 )) = 0 and fci(C®) = ki{^c,Q{^i)) + ^i(‘hc,Q(H 2 )) = 1. Using Piene’s formulas ([T5]) 
and CSl), we obtain that 

rankC = 2 [degC + g{C) — 1] — ko{C) = 2[6 + 0 — 1] — 3 = 7 

and 

classC = 3 [degC + 2g{C) - 2] - 2ko{C) - A;i(C) = 3 • 4 - 2 • 3 - 0 = 6. 

Due to Theorem [H for a generic quadric Q C P^, we have 

degC® = degC + rankC = 6 + 7 = 13, g{C^) = g{C) = 0, 

rankC® = 2(degC + rankC + g{C) - 1) - koiC^) = 2 • 12 - 0 = 24 

and 

classC® = 3 degC + 3 rankC + 6 g{C) — 6 — 2 ko{C^) — ki{C^) = 3- 6 + 3- 7 — 6 — 1 = 32. 

□ 

Example 18 (Halphen transform of a non rational sextic). Consider the sextic curve C = 

V(x^ z -j- t -h y^, -h -h — 2 z t) C P^ intersection of a cubic fC having an E6 singularity 
with a tangential sphere S. Then 

degC = 6, g{C) = 1, rankC = 10, 

and 

degC® = 16, g{C^) = 1, rankC® = 32. 

Proof. The rational E6 cubic K, is the image of / : P^ t-A P^ given by 

f{[u : V : re]) = [—w : —uv"^ : —'. vw'^ + rt^]. 

Observe that C is the image of C by / where C := V{^v vP' + v + + 2 u^) C P^. Observe 

also that C = V{x‘^ + y"^ + z^ — 2zt, 3x^2; + y'^z + z^ + 2y^) C P^ (replacing x'^z + tz'^ + y^ by 
2 [x^ 2 ; + tz"^ + y^] + z[x^ + y"^ + z^ - 2zt]). 

Observe that the point O[0 : 0 : 0 : 1] is the only singular point of C. At this point, C has a 
single branch Bi of multiplicity 3 with tangent line V{y, z) and of type (3,4, 6) parametrized by 
of the following form 

-1-P - + 0{P)] : t^ : -^t^ + -P + 0{P) : 1 . 

3i V 2^3 48 ^7 73 6 ^ ^ 

Recall that Vc,b has equation 

bi{2xyz—3xy‘^)+b2{2xz‘^—4:Xzt—x^)—3bsxz‘^+b4{3y'^z—3y‘^t—yx‘^—2yzt)—b5{3y'^z+yz'^)—bQ{z^+z‘^t+x'^z). 

Using the local parametrization we obtain io{Cj'Pe,B) = 8 (for a generic B S (C®)'^) and 
so, due to m, we obtain 

rankC = 6(3 + 2 - 2) - 8 = 10. 

Observe that A:o(C) =3 — 1 = 2. Combining this with the Piene’s formula (1151) for the rank, we 
obtain that 

g{C) = ^[rank(C) + ko{C)] + 1 - degC = ^[10 + 2] + 1 - 6 = 1. 
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Hence, due to due to m and we already know that 

g{C^) = 1 and degC® = 6 + 10 = 16 

for a generic quadric Q C Up to a linear change of coordinates, we identify with 
satisfying the assumptions of our Proposition [151 

-+ 0{t^) :t^ + + 0 (t®) : 1 

2^3 48 2^3 J 

Observe that we are in the case of a type (e, r, s ) = (3,4, 6 ) with s = 2e and val((a^^^)^ — 0 : 3 ^^) = 
8 < 3e. So the type of the image branch is (r — e, e, 8 — e) = (1,3, 5). Hence k(){C^) = 0 and so, 
due to ([3]), we obtain 

rankC^ = 2(6 + 10 + 1 - 1) - 0 = 32 . 

Observe moreover that if B is an inflectional nonsingular branch of C, then its type is (l,r, s) 
with 2 < r < s and then the type of ^c,q{13) is (l,r — l,s — 1) (first case in Proposition [15]) 
which means that ki{^c,Q{i3)) = ki{B) — 1 whereas ki{^c,Q{l3)) = 1 + ki{B) = 1. □ 

7. Proof of the birationality 

Observe that Proposition [5] is true if C is a line of P^. We will assume from now that C is not 
a line. The proof leads on the following lemmas. 

Lemma 19. Let C be an irreducible curve o/P^. Let niQ be a nonsingular point ofC. Then, for 
a generic Q, there exist no m' £ C \ {mo} such that 4>c^Q(m') = 4>c^Q(mo)- 

Proof. Since Halphen transforms are preserved by linear isomorphisms, we assume without any 
loss of generality that mo[0 : 0 : 0 ; 1] and that tm^C]! ; 0 : 0 : 0]. Recall that Q = V{Q) with Q 
of the form Q{m) = ■ M ■ m for some symmetric matrix M = imij)ij {M ■ m corresponds to 

V(5/2). Observe that <hc,Q(^o) = [—R^ 4,4 : 0 : 0 : 1711 ^ 4 ]. Let mi[xi : yi : zi : ti] be a nonsingular 
point of C, 4>c,Q(mi) = ^c,Q{'mo) is equivalent to <hc,Q("io) ^ TmiC and <kc,Q("io) ^ ^miQ, he. 
to 

mi^iFtimi) - m4,4Fa,(mi) = 0, mi,4Gt(mi) - m4,4Ga,(mi) = 0 , . 

^i("^i ,4 “ 'Riiqm 4 , 4 ) + yi(mi ,4 777-2,4 - 7771,27774,4) + -21(7771,4 7773,4 - 7771,37774,4) = 0 ^ ^ 

if C is contained in a curve Ci = V{F, G) of P^. Given a quadric Q, we write LLq for the set of 
[xi : yi : zi : ti] £ P^ satisfying the last line of (1171) . Observe that, for any a £ C* and any plane 
LL containing mo, there exists M such that 7774,4 = a, 7774,4 = 1 and such that LLq = PL. 

We have to prove that, for a generic M, no point of C \ { 7770 } is solution of (1171) . The 
contrary would mean that for an infinite number of a £ C*, there exists an infinity of planes 
Pi passing through mo such that C \ {mo} intersects Pir\V{aFt — F^, aGt — Gx)- Since C is 
irreducible, this would imply that C C V{aFt — Fx,aGt — Gx) for an infinity of a and so that 
C GV{Ft, Fx,Gt, Gx). This would mean that for every m £ C, VF{m) and \/G{m) are contained 
in V{x,t). But for a generic m gC, VF{m) and \/G{m) are not proportional, so t^C £ V{y,z) 
and so tmC[l : 0 : 0 : 0]. Hence C would be the line V{x,t). □ 

We reinforce this lemma in the following one. 

Lemma 20. Let C be an irreducible curve o/P^. There exists N such that for any nonsingular 
point mo of C, the set Bmo of the quadrics Q such that ffC (H ( 4 >^ q ({ 777 o })) > 1 7 s contained in 
an hypersurface ICmo of the P® of quadrics ofF^, this hypersurface has degree less than N. 
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Proof. We use the same notations as in the preceding lemma and we suppose that F and G are 
irreducible. Recall that Q = V{Q) with Q of the form Q{m) = ■ M ■ m for some symmetric 

matrix M = Hence we identify the set of quadrics of with P®. Let us consider the 

following parametrization of 

' 4 >{yi,zi,ti) := (yi(mi,2m4,4 - 7711 , 47712 , 4 ) + 3^714,4 - Rii,4 m 3 , 4 ), 

yi(mi,4 - mi,im4,4),2;i(mi,4 - mi,im4,4), fi(m?,4 - mi,im4,4)). 

Let us write Ki := mi, 4^1 o if — o K 2 := mi, 4^1 o ijj — o if, K 3 := F o if and 

iL 4 := G o if. Due to (1171) . Bmo is contained in the algebraic variety ICmo of quadrics Q given by 
the vanishing of the resultant with respect to yi: 

Mi G {1,2}, Res^i ReSy^ ( 773 , 7 ^ 4 ), ReSyi(iLi,iLi+2)) = 0. 

Let us show that a generic Q is not in fCmo (up to a linear change of variables in {y, z)). 

Since C 7 ^ V{x,y), either C <f. V{Fx,Ft) ox C (f. V{Gx,Gt). Assume for example that C 
V{Fx,Ft), and so V{F) is not a plane. If V{G) is a plane then it is of the form V{a.x + fi.t). 
Hence, for a generic Q, V{Ki) does not contain a line and if V{K 2 ) contains a line then this line 
has not the form V{a.zi + h.ti). 

For a generic Q, C DHq C P^ is finite, so are V{K 3 ,Ki) C P^ and V{ReSy.^{Ks, K 4 )) C P^. 
Moreover, for a generic Q, [0:0:1] is an ordinary intersection point of V{K^) with V{K 4 ) and 
V{K^,K 4 ^,zi) = {[0 : 0 : 1]}. Hence zi divides ReSy.^{K^,K/f) but not zf^ ReSy.^^{K^,Ki). The 
set £q of [y 2 : Z 2 : ^ 2 ] £ V{K^) such that [z 2 : ^ 2 ] £ V{zf^ReSy.^{K^,K 4 )) C P^ is finite. Since 
V {F) V (Fx,Ft), £q PiV{FxOif, Ftoif) =0 (up to a linear change of variables in (y, z)). Hence 
for a generic Q, n R [Ki) = 0 and so Res^^ {zf^ Res^^ (iLs, 7 ^ 4 ), ReSy^(iLi, K^)) / 0. □ 

Proof of Proposition\^ Let us write Cq for the set of non singular points of C. Due to the 
preceding Lemma, the set of quadrics Q such that ^c,Q is not birational is contained in 

/C:= U n 

EcCo : #E<oo m£Co\E 

with deg/Cm < N- Now, due to a standard argument (see for example El), we conclude that 
either /C = 0 or /C is contained in Km^ for some mo G Cq. In any case K, is contained in a 
subvariety of the set of quadrics of P^. □ 
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